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Abstract. The Frobenius number F{a) of an integer vector a with positive coprime coef- 
ficients is defined as the largest number that does not have a representation as a positive 
integer linear combination of the coefficients of a. We show that if a is taken to be random 
in an expanding d-dimensional domain, then F(a) has a limit distribution, which is given 
by the probability distribution for the covering radius of a certain simplex with respect to a 
(d — l)-dimensional random lattice. This result extends recent studies for d = 3 by Arnold, 
^— ■>) ' Bourgain-Sinai and Shur-Sinai-Ustinov. The key features of our approach are (a) a novel in- 

' terpretation of the Frobenius number in terms of the dynamics of a certain group action on the 

, ^ , space of d-dimensional lattices, and (b) an equidistribution theorem for a multidimensional 

' Farey sequence on closed horospheres. 

(N 

1. Introduction 

f-H ■ Let us denote by Z'^ = {a = (ai, . . . , a^) G Z^ : gcd(ai, . . . , a^) = 1} the set of primitive 

■ lattice points, and by the subset with coefficients aj > 2. Given a E Z>2) it is well known 

(-j I that any sufficiently large integer > can be represented in the form 

=3 ■ (1.1) N = ma 

with m G Z>Q. Frobenius was interested in the largest integer F{a) that fails to have a 
representation of this type. That is, 

*^ (1-2) F{a) = max 



O 



We will refer to F{a) as the Frobenius number of a. In the case of two variables (d = 2) 



in 

^ . Sylvester showed that 

^ I (1-3) F{a) = aia2 — ai — 02. 

0^ . No such explicit formulas are known in higher dimensions, cf. |13j . |14j . |19j . The present 

paper will discuss a new interpretation of the Frobenius number in terms of the dynamics 
of a certain flow on the space of lattices T\G, with G := SL(d, M), F := SL((i, Z). This 
^ i dynamical interpretation is a key step in the proof of the following limit theorem on the 

' asymptotic distribution of the Frobenius number F(a), where a is randomly selected from the 

set TV = {Tx : x £ V}, with T large and V a fixed bounded subset of M>o- 

Theorem 1. Let d > 3. There exists a continuous non-increasing function '^^ : M>o — >■ M>o 
with ^rf(O) = 1, such that for any bounded set T> C M>q with boundary of Lebesgue measure 
zero, and any R> 0, 

(1,4) i3#{a e iU n TV : j;^^^^^ > ^ = W 

Variants of Theorem [1] were previously known only in dimension d = 3, cf. [7], [21]; see also 
[3], [1] for related studies and open conjectures, and [2], [7] for results in higher dimensions. 
The scaling of F{a) used in Theorem [1] is consistent with numerical experiments [SJ Section 
5]. 
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We will furthermore establish that the limit distribution ^^{R) is given by the distribution 
of the covering radius of the simplex 

(1.5) A = {xGR'iTo^ ■.x-e<l}, e := (1, 1, . . . , 1), 

with respect to a random lattice in M'^"^. Here, the covering radius (sometimes also called 
inhomogeneous minimum) of a set K C M*^^^ with respect to a lattice £ C W^^^ is defined as 
the infimum of all p > with the property that C + pK = M'^"^. 

To state this result precisely, let Z'^'^A be a lattice in M'^-i with A £ Gq := SL{d - 1,M). 
The space of lattices (of unit covolume) is ro\Go with Tq := SL{d — l,Z). We denote by //q the 
unique Go-right invariant probability measure on ro\Go; an explicit formula for /ig is given in 
Section [3l 

Theorem 2. Let p{A) be the covering radius of the simplex A with respect to the lattice 
Z'^-^A. Then 

(1.6) ^d{R) = Pg{{A e ro\Go : p{A) > R]). 

The connection between Probenius numbers and lattice free simplices is well understood 
[9], |16j . In particular, Theorem [2] connects nicely to the sharp lower bound of [1] (see also 

my- 




(1.7) > P*, with /), := inf p{A). 

It is proved in [1] that > ((d - l)!)V('^-i) > 0, and so in particular 

(1.8) ^'d(i?) = 1 for 0<i?<p*. 

An explicit formula for ^^[R) has recently been derived in dimension d = 3 by different 
techniques, cf. [21]. In this case = \/3. 

It is amusing to note that all of the above statements also hold in the trivial case d = 2, 
except for the continuity of the limit distribution: By Sylvester's formula ()1.3p 

(1.9) *2(^) = 

The covering radius of the simplex A = [0, 1] with respect to the lattice Z is p(l) = 1. Z is 
of course the unique element in the space of one-dimensional lattices of unit covolume, and 
hence ()1.9p follows also formally from ()1.6p . 

We now give a brief outline of the paper. Section [2] explains the aforementioned dynam- 
ical interpretation of the Frobenius number in terms of the right action of a one-parameter 
subgroup <I>* on the space of lattices r\G: We show that there is a function Ws of r\G 
that produces, when evaluated along a certain orbit of the Frobenius number F{a). This 
observation is the crucial step in the application of an equidistribution theorem for multidi- 
mensional Farey sequences on closed horospheres in r\G, which is proved in Section [3J A 
useful variant of this theorem is discussed in Section HI Section O exploits the equidistribution 
theorem to give upper and lower bounds for the lim sup and lim inf of (|1.4p . respectively, and 
the purpose of the remaining Sections E] and [7] is to show that the lim sup and lim inf coincide. 
This is achieved by relating the limit distribution ^^{R) to the covering radius of a simplex 
with respect to a random lattice (Section [6]), and proving that "^d{R) is continuous (Section 

El). 

The results of Sections [3] and H] provide a new approach to Schmidt's work [T7] on the dis- 
tribution of (primitive) sublattices of IJ^. Appendix |X] illuminates this connection by deriving 
a generalization of Schmidt's Theorem 3 in the case of primitive sublattices of rank d — 1. 
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2. Dynamical interpretation 
Let G := SL(d,M) and F := SL{d,Z), and define 



(2.1) n+(^)=^;-i , n_(^)= Y 1' 



The right action 

(2.2) r\G ^ r\G, TM rM$* 

defines a flow on the space of lattices r\G. The horospherical subgroups generated by ?^+(^t;) 
and n-{x) parametrize the stable and unstable directions of the flow <1>* as t — ?■ oo. This can 
be seen as follows. Let d : G x G — t- R>o be a left G-invariant Riemannian metric on G, i.e., 
d{hM, hM') = d{M, M') for all h, M, M' € G. We may choose d in such a way that 

(2.3) d{n±{x),n±{x')) < \\x - x'\\, 

where || • || the standard euclidean norm. Note that n_(a;)<I>* = $*n_(e'^*a;). Hence, for any 
M e G, 

(2.4) d{Mn^{x)^\M^^) = d{M^^n_{e'^^x), M^^) = d{n-{e'^^x),ld) < e'^^\\x\\, 

which explains the interpretation of n-{x) as an element in the unstable horospherical sub- 
group. The argument for n+{x) as the stable analogue is identical. 

In the following we will represent functions on r\G as left L-invariant functions on G, i.e., 
functions / : G — M that satisfy /(7M) = f(M) for all 7 G F. The left G-invariant metric 
d{- , • ) yields thus a Riemannian metric dr{- , • ) on r\G by setting 

(2.5) dr{M,M') ■.= mmd{M,jM'). 

Indeed, the left G-invariance of d implies dr{'yM,M') = dT{M,M') = driM,-fM') for any 

7 e P. 

The aim of the present section is to identify a function Ws on r\G that, when evaluated 
along a specific orbit of the flow produces the Frobenius number. (As we shall see below, 
the situation is slightly more complicated in that Wg also depends on additional variables in 
M-^-i.) 

We will assume throughout that a G Z^^- Following ^, [18] we reduce the Frobenius 
problem modulo a^. For r G 'Lja^ set 

(2.6) -FV(fl) = max(r + a^Z) \ {m • a > : m G Z>o, m ■ a = r mod ad} 
Then 

(2.7) F{a) = max Fr{a). 

r mod a^j 

Consider the smallest positive integer that has a representation in r mod ad, 

(2.8) Nr{a) = min{m • a > : m G Z>oi m ■ a = r mod a^}. 
Then Fr{a) = Nr{a) — ad- We have in fact 

(2.9) NM) = h d, (r^Omoda,) 

I min{m' • a' : m' G , m' ■ a' =r mod ad} (r ^ mod ad) 

with a' = (ai, . . . , ad-i)- In view of (j2.7p we conclude 

(2.10) F{a)= max Nr{a) - ad- 

r^O mod 

We assume in the following ai, . . . , ad-i < ctd < T, and < 6 < ^. For r ^ mod we 
then have 

(2.11) Nr{a) = min |m' ■ a' : m e Z^q^ |m • a - r| < 
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For $, = {^', Cd) eT^ = R'^/Z'^, set 

(2.12) Af(a,^,T):=min+|(m' + ^')-a':w + ^ el^'^ + OnM^o^xM, |(m + 0-a| < 
where min+ is defined by 

'min^nR>o n M>o / 0) 
(^nIR>o = 0). 



(2.13) min+^ 



It is evident that N(a,^,T) is indeed well defined as a function of ^ € T*^, and furthermore 
iV,(a)=iV(a,(0,-^),r). 

Lemma 1. Let a = (ai, . . . , a^) S Z>2 with ai, . . . , a^-i <ad<T', 0<(5<^. Then 
(2.14) F{a) = sup N{a, $,T)-e-a, 



where e = (1, 1, . . . , 1). 

Proof. Substituting by — ^' • we have 

(2.15) 

sup N{a,i,T) 



sup min+ \ {m' + ■ a' : m + ^ £ {U^ + ^) n E^^^^ x M, \m ■ a + ^^aa] < ^ j 



4'e[o,i) 



^1 
T ] 



sup min4. < (m' + ^') • a' : m € Z>o^ x ^) |m • a + (,d<id\ < 

$'6[0,l)''-i [ 

sup min+ | m' ■ a' : m £ ^>o^ ^ • + '^d'^dj < | + e • a', 



T J 



where e = (1,1,. ..,1). The second equality follows from the fact that for 1 < j < d, 
rrij + ^ j > implies rrij > since mj £ TL and i^j G [0) !)• We observe that, since ^ < \ 
and m ■ a £ Tj., we can replace in the inequality |m • a + ^^Odl < ^ the quantity ^^ad by its 
nearest integer, say s. That is, ()2.15p equals 

(2.16) sup min_|_ Im' • a' : m £ Z>q"'^ x Z, |m • a + s| < | + e • a' 



s mod Ojj 



r 



The case s = mod a^^ does not contribute (because then m = achieves as minimum). 
Since < < we thus obtain 

(2.17) max iV,.(a) = sup iV(a, ^, T) - e • a', 

r^O mod ^gM'* /Z'' 

and the lemma follows from ()2.10p . □ 

^>0 



Let Ws denote the function M>o^ x G ^ M, {a, M) ^ Ws{a:, M), given by 



(2.18) Wi5(Q;,M) = sup min_|- {(m + ^)M- (a,0) : m G Z*^, (m + ^)M G 7^4 



where 7^^ = ]R>o^ x (-5, 6). Note that for every 7 G F 
Ws{a,jM) = sup min+ 

2-19 , w . 

= sup min+ { (m + ^)Af • (a, 0) : m G Z°'7, (m + ^)M G TZs} . 
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Both Z*^ and T'^ are F-invariant; thus 

(2.20) Ws{a, 7M) = Ws{a, M) 
for all OL G M>o\ M G G and 7 G T. 

Combining Definition ()2.18p with Lemma [1] (set t = ^^^) we obtain: 

Theorem 3. Let a = (oi, . . . , a^) G Z>2 with ai, . . . , ad-i < ad < e*^"^"^^*, and < 6 < ^. 
Then 

(2.21) F{a) = e^Ws{a', n_(a)^>*) - e • a, 
where 

a' f oi ad-i 



(2.22) a 

3. FAREY sequences ON HOROSPHERES 

Denote by /i = /Ug the Haar measure on G = SL((i, R), normalized so that it represents 
the unique right G-invariant probability measure on the homogeneous space F\G, where F = 
SL((i, Z). By Siegel's volume formula 

d 

(3.1) d/i(M)- = (C(2)C(3)---C(d))'' det(X)-'^ J] 



where X = {Xij) = t^/'^M G GL+(d,M) with M G G, t > 0, cf. [TO], [22]. We will also use the 
notation /zq for the right Go-invariant probability measure on Fo\Go, with Go = SL(d — 1,M) 
and Fo = SL{d — 1, Z). 
Consider the subgroups 

(3.2) |mg G: (0,1)M = (0,1)1 = I : A G Gq, 6 G M^^^^ 



(3.3) TH=rnH=\i!. 7) :7GFo, mGZ'^-i 



and 

^7 w 

^0 1 

Note that H and Th are isomorphic to ASL(d — 1,M) and ASL((i — 1,Z), respectively. We 
normalize the Haar measure hh of H so that it becomes a probability measure on Th\H', 
explicitly: 

(3.4) dfiH{M) = dfxo{A)db, M=(^^ Y 

The following states the classical equidistribution theorem for $*-translates of the closed 
horospheres T\T{n_{x) : x G T'^'H on F\G; cf. [11, Section 5]. 

Theorem 4. Let X be a Borel probability measure on T"^^-*^, absolutely continuous with respect 
to Lebesgue measure, and let f : T'^~^ x F\G — )• M 6e bounded continuous. Then 

(3.5) lim [ f(x,n^{x)<^>*) dX{x) = [ f{x,M)dX{x)dfi{M). 

A standard probabilistic argument [2^ Chapter III] allows to reformulate the above state- 
ment in terms characteristic functions of subsets of T*^"^ x F\G. 

Theorem 5. Take X as in Theorem]^ and let A C T"*"^ x F\G. Then 

(3.6) limmf A({a; G T'^"^ : (cc, n_(a;)^>*) G A]) > (A x fi){A°) 

and 

(3.7) limsupA({a; G T'^"^ : (a;, n_(a;)$*) G A]) < (A x ii){A). 

t—>-oo 
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Remark 3.1. This shows that Theorem [5] can be extended to test functions / that are char- 
acteristic functions of subsets of T'^~^ x r\G with boundary of (A x ;^)-measure zero [HI 
Sect. 5.3], and thus also to functions that are the product of such a characteristic function 
and a bounded continuous function. 

We will now replace the absolutely continuous measure A by equally weighted point masses 
at the elements of the Farey sequence 

(3.8) -^"^^ {f ^ ' ■ (P'^) 0<9<q}, 

for Q G N. Note that 

(3.9) 

It will be notationally convenient to also allow general Q £ M>i in the definition (|3.8|) of J-q; 
note that Tq = F^q^ where [Q] is the integer part of Q. 

Theorem 6. Fix a G M. Let f : T*^^^ x r\G — )• M 6e bounded continuous. Then, for 

Q ^ g(d-l)(t-<7)^ 



(3.10) lim V /(r,n_(r)<D*) 

i-^qI ri^Q 

= d{d - l)e'^('^-i)" / / f{x, M^~') dx dnH{M) e~'^^'^-^^'ds 



with f{x,M) := f{x, ^M-i). 

Remark 3.2. The identical argument as in Remark 13.11 permits the extension of Theorem 
[6] to any test function / which is the product of a bounded continuous function and the 
characteristic function of a subset A C T"'"-'^ x r\G, where A = {{x, M) : {x, *M~^) G A} has 
boundary of measure zero with respect to dx dfin ds. 

Proof of Theorem\^ Step 0: Uniform continuity. By choosing the test function /(jc, M) = 
fo{x, M<I>~°") with /o : T'^^^ x r\G — t- M bounded continuous, it is evident that we only need to 
consider the case a = 0. We may also assume without loss of generality that /, and thus /, have 
compact support. That is, there is C C G compact such that supp/, supp/ C T'^"^ x r\rC. 
The generalization to bounded continuous functions follows from a standard approximation 
argument. 

Since / is continuous and has compact support, it is uniformly continuous. That is, given 
any 5 > there exists e > such that for all {x, M), [x', M') G M'^"^ x G, 

(3.11) - < e, d{M,M')<e 
implies 

(3.12) \f{x,M)-f{x',M')\<6. 
The plan is now to first establish ()3.10p for the set 

(3.13) TQ,e = { ^ e [0, l)*^-! : (p, q)GZ'', eQ<q<Q 

for any 9 G (0, 1). The constant 9 will remain fixed until the very last step of this proof. 

Step 1: Thicken the Farey sequence. The plan is to reduce the statement to Theorem 
m To this end, we thicken the set J^q^ as follows: For e > (we will in fact later use the e 
from Step 0), let 

(3.14) J-^= U {a;GM'^~^ : ||a;-r|| <ee-'^*}. 
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Note that Tq is symmetric with respect to a; i— ?• —x. A short calculation yields 

(3.15) ^Q= \J {a; G M''"^ : an+(a;)$-* G e:,}, 

where 

(3.16) Ce = {(yi,...,yd)GM'^: ||(yi, . . . , yrf_i)|| < eya, e<yd<l]. 
Let 

(3.17) %,= Ueia), -Heia) = {M e G : aM e (te}- 
The bijection (cf. [22]) 

(3.18) TH\r^Z'^, r^T^ (0,1)7 
allows us to rewrite 

(3.19) n,= U n,{{o,i)j)= U jnl, withn] = ne{{o,i)). 

7GrH\r 76r/rj^ 

Now 

n] ={M G G : (0,1)M G ^ej 

(3.20) \ , ^ 

=F{My : y G e:,} 

with H as in ()3.2p . and My G G such that (0, l)My = y. Since y £ (t^ implies yd > 0, we may 
choose 

(3.21) My=(yd , l-^-l ^ , y' = (yi,...,y,_0. 

V y yd/ 

Step 2: Prove disjointness. We will now prove the following claim: Given a compact 
subset C C G, there exists eo > such that 

(3.22) jnl n'HlnTC = 9 

for every e G (0,eo], 7 ^ T \ Th- 

To prove this claim, note that ()3.22p is equivalent to 

(3.23) 'He{{p,q))nnlnTC = ^ 

for every {p,q) G Z'^, {p,q) ^ (0,1). For 

,3,24, M.(^ M.^(^^-"7'-' 

we have 

(3.25) (p, (/)M = (pAy-^/^'^'^) + (p*6 + q)y', {p'b + g)^^), 
and thus M e 'He{{p,q)) D Ul if and only if 

(3.26) WpAy-/'^"-^^ + {p'b + q)y'\\ < e{p'h + q)yd, 

(3.27) e<(p*b + g)2/rf<l, 
and 

(3.28) lly'll < eya, ^ < yd < 1- 

Relations ^^?Fl\ and ([3:28]) imply \\{pH} + g)y'|| < e{p% + g)yd < e and so, by ([326]), 
||p^yj^/^''"^^|| < 2e{p% + q)yd < 2e. That is, \\pA\\ < 2eyl^^'^~^^ and hence 

(3.29) \\pA\\ < 2e. 



8 JENS MARKLOF 

Let us now suppose M G TC with C compact. The set 

(3.30) C = C{My^ -.y ele} 

is still compact, by the compactness of (the closure of (t^) in \ {0}. In view of ()3.24p we 
obtain 

(3.31) 'f)^rc', 

and so ^ G TqCo for some compact Cq C Gq. 

Mahler's compactness criterion then shows that 

(3.32) I := inf inf > 0. 

AeroCopezd-i\{o} 

Now choose eo such that < 2eo < /. Then (|3.29p implies p = and therefore q = 1. The 
claim is proved. 

Step 3: Apply Theorem 14], Step 2 implies that, for C C G compact, there exists eo > 
such that for every e G (0, eo] 

(3.33) 'HenTC= \J {jnlnrc) 

is a disjoint union. Hence, if Xe and xl the characteristic functions of the sets T-L^ and Til, 
respectively, we have 

(3.34) XeiM)= xlhM), 

for all M G rC. Evidently Til and thus have boundary of ^-measure zero. We furthermore 
set Xe(M) := XeCM"^), and note that X£(n+(a;)$~*) = Xe{n+{—x)^~^) is the characteristic 
function of the set J-q ; recall ()3.15p and the remark after (|3.14p . Therefore 



/ f{x,n-{x)^^)dx = / f[x,n_{x)^^)xe{n+{-x)^ ^)dx 

f [x,n-{x)^^)Xe{n_{x)^^)dx, 



(3.35) "•'Q/^' 



and Theorem H] yields 

lim / f{x,n_{x)^*)xAn-{x)^^)dx= [ f{x, M)xe{M) dx dfi{M) 

(3.36) 

= / fix,M)xe{M)dxdfi{M). 

Step 4: A volume computation. To evaluate the right hand side of (|3.36p . we use 
(1331: 



/ f{x,M)xe{M)dxdfi{M)= [ f{x,M)xliM)dxdfi{M) 

f{x,M) dxdfi{M). 



Given y G M*^ we pick a matrix My G G such that (0, l)My = y; recall ()3.2ip for an explicit 
choice of My for > 0. The map 

(3.38) H xR'^\{0}^ G, (M, y) ^ MMy, 
provides a parametrization of G, where in view of (|3.ip 

(3.39) dn = ({dr^dnndy. 
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Hence (j3.37p equals 



(3.40) 
For 
(3.41) 



1 



f{x,MMy) dx dfj,HiM)dy. 



/„-^/(d-i)- 
D{yd) = (^'^ Q 



we have 

(3.42) d{My,D{yd)) = d{D{yd)n+{y^^y'), D{yd)) = d{n+{yfy'),ld) < Va^Wy'l 

We recall that y^^Hy'H < e for 7/ G (J^- Therefore, with the choice of 6, e made in Steps and 
2, we have (note that ()3.12p applies also to /) 



(3.43) 
We have 



(3.44) 



Ml 



1 



f{x, MD{ya)) dy = voliBf-') e'"' 

= id-l)Yol{Bf-^)e^-^ 



f{x,MD{yd))dxdfiH{M)dy 



< 



Cid) 



dy. 



f{x,MD{ya))yydyd 

log9|/(d-l) 



f{x,M^-')e-'^^'^-^^'ds, 



and 
(3.45) 



1^ dy = ^vo\iBt')e''-\l-e% 



where Bf ^ denotes the unit ball in M*^ ^. So (j3.43p becomes 
(3.46) 

(d-l)vol(i3f-i)e'^-i f\'-se\/(d~i) 



Cid) 



f{x, M^~') dx diiH{M) e-'^^'^-^^ds 
yol(fir)^ , 

< — ^0^^ — 

Step 5: Distance estimates. Since ()3.33p is a disjoint union, we have furthermore (this 
is in effect another way of writing ()3.35p using ()3.34p ) 

/ f[x,n^{x)^^)dx= V] / f[x,n_{x)^^)dx. 

Eq. ([23]) implies that 

(3.48) d(n_(iE)$*,n„(r)$*) < e'^^\\x - r\\ < e. 

Because / is uniformly continuous we therefore have, for the same 5, e as above: 

vol{Bf-^) 5 e'^-^ 



(3.47) 



^d{d-l)t 



(3.49) / f{x,n^{x)<^')dx "^-^^^ /(r, n_(r)<D*) < 

J ||a;— r||<ee-''* 6 ' 

uniformly for all t > 0. 

Step 6: Conclusion. The approximations ()3.46p and ()3.49p hold uniformly for any 5 > 0. 
Passing to the limit (5 — t- 0, we obtain 

' / f{x,M<S>-')dxdfiHiM)e-'^^'^-^>ds. 



Cid) 
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The asymptotics (|3.9p show that 

which ahows us to take the Umit — )• in ()3.50p . This concludes the proof for o" = and / 
compactly supported. For the general case, recall the remarks in Step 0. □ 

Remark 3.3. Let (p, q) £ Z. Using the bijection p.lSp . choose 7 G F such that (p, (7)7 = (0, 1). 
For r = p/q € Tq + ^ we then have 

(3.52) 7-'V(r)D(g))-i = (('^"'^^'^'^^'^-1 ^^7) 'ei^. 
That is, 

(3.53) V\n^{r)D{q))-^ G r\ri/, 
and thus, for Q = e('^-i)(*-'^) , 

(3.54) F V-(^)^*)"^ e : s G M>^}. 

Lemma 2. The set F\FiJ{$^^ : s £ M>o-} is a closed embedded submanifold o/F\G. 
Proof. The set 

(3.55) r\rH{^~' : s G M>^} = r\rH{D{yd) : yd G (0, c]}, c = e'^'^-i)'^, 
is the image of the immersion map 

(3.56) i-.Ho^ F\G, ThM ^ TM, 



(3.57) -Ho ■■= rH\H{D{yd) : yd G (0, c]}, 

and is thus an immersed submanifold of F\G. To show that it is in fact a closed embedded 
submanifold, we need to establish that i is a proper map, i.e., every compact /C C F\G has a 
compact pre-image z~^(/C); see e.g. [H Chapter III]. Since i is continuous, i~^(/C) is closed. It 
therefore suffices to show that i~^{JC) is contained in a compact subset of T-Lq. 

For M G G, let I{M) = inf{||mM|| : m G Z*^ \ {0}}. By Mahler's criterion, there is 6* > 
such that /(M) > 9 for all M G G with TM G /C. If ThM G i'HJC), then I{M) > 9 with 
M = hD{yd), h £ H. Thus (0,1)M = and therefore yd > ^. This implies that, for any 
heH, 

(3.58) iiTHh) = F/i G /C' := /C{Z)(yd)-i : ^ < yd < c}, 

where IC' is a compact subset of F\G. 

It is a basic fact that, since H is a closed subgroup of G and Th = F n -ff is a lattice in 
H, the set T\TH is a closed embedded submanifold of F\G [12, Theorem 1.13]. We denote 
by j : Th\H — )• T\TH the immersion map. Thus j^^{JC') is a compact subset of Th\H, and 
i~^(/C) is contained in the compact subset j~^{IC'){D{yd) 9 < yd < c} oi T-Lq. □ 

The significance of ()3.54p and Lemma [2] is that it allows us reduce the continuity hypotheses 
of Theorem[6]and Remark l3.2l to continuity of / restricted to the closed embedded submanifold 

(3.59) T'^"^ X T\TH{^-' : s G M>^}. 
We will exploit this fact in the proof of Theorem [HI 
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4. A VARIANT OF THEOREM [6] 

The following variant of Theorem [6] will be key in the proof of Theorem [TJ Recall the 
definition of a and D(T) in (|2.22p and ()3.4ip . respectively. 

Theorem 7. Let T) C {x ^ : < xi , . . . , Xd-i < Xd} be bounded with boundary of Lebesgue 
measure zero, and / : D x r\G — )• M bounded continuous. Then 

(4.1) hm i;^ ^f?'^-(^)^(^)l =7^ / f{y,MD{yd))dydtiH{M) 
with f{x,M) := f{x, 

Proof. Let g : M*^^^ x r\G — t- M be a bounded continuous function. We apply Theorem [6] with 

T = e^'^"^)*, c = e"("'"^)'^, and the test function 

(4.2) f{x,M)= g{x + n,M)xio,i]^-i{x + n). 

Note that this sum has at most 2*^"^ non-zero terms. The function f{x,M) is bounded 
everywhere, and continuous on [(0, 1)"'"^ -l-Z'^"^] x r\G; hence Remark 13.21 together with the 
asymptotics ()3.9p . yield 

^Too^ ^ 5(a,n_(a)z)(r)) 

l<ai,...,a^_i<aa 
aa<cT 

(4.3) r°° r 

= {d-l) / g{x,M<^-')dxdiiH{M)e-'^^'^-^^'ds 

g{x, MDivd)) dx dfiH{M) yj-^dya 

lo J[o,i]''~'^xrH\H 

where we have substituted in the last step yd = e~^^~^^'^ . So for any < 6 < c we have 
^^-IW^d E 9{a,n.{a)D{T)) 



1< 

bT<ai<cT 



... , , g{x,MD{yd))dxdiJiH{M)y'jf^dyd, 

C(,"J Jb J[0,1\'1-^xVh\H 

and hence for h : M.'^~^ x M x T\G — > M continuous with support in x X x T\G and 

X C M>o bounded, we have 



^ E h(a,^,n.{a)D{T)] 

(4.5j l<ai,.--.«d-l<a<2 

h{x,yd,MD{yd)) dx y^-^dyddfiniM). 



lim „ , 



C{d) y[o,i]d-ixXxrH\H 

We now take /i(s, yd, M) = xv{xyd, yd) fii^Vd, Vd), M) with / as in Theorem[71 and substitute 
y' = xyd- Note that with this choice h is no longer continuous; but D has boundary of measure 
zero and thus Remark 13.21 applies . □ 

Remark 13.31 and Theorem [7] now imply the following theorem. Given a bounded subset 
V cRio, define 

(4.6) Mv = {{y,T'M-^D{ydr^) : {y,TM) eVx T\TH}, 
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which, in view of Lemma [21 is a closed embedded submanifold of x T\G. The bijection 

(4.7) VxThXH ^Mv, {y,THM)^{y,T'M-^D{yd)-^), 

allows us to define a natural measure v on Mx> as the pushforward of vol x////, where vol 
is Lebesgue measure on and jiu as defined in ()3.4p . In the following we understand the 
interior and closure of subsets of Mt> with respect to the topology of M-d- 
Since n-{a)D{T) = n^{a)D{ad)D{ad/T)~^ , eq. ()3.53p implies that 

(4.8) (|,rn_(a)i)(r)) cMv 

Theorem 8. Let T> <Z {x ^ : < xi, . . . , Xd-i < Xd} he hounded with boundary of Lehesgue 
measure zero, and A C Md- Then 

(4.9) hminf i;.#|a G Z'' : ( ^,rn^{a)DiT)] € a] > '"^"^"^ 



and 

(4.10) limsup ;^#|a G Z'^ : f ^, rn_(a)L>(r)^ € ^1 < ^^'^^ 



Proof. The inclusion (j4.8p shows that the limit relation (j4.ip in Theorem [7] holds for any 
bounded continuous function / : Mx> — ^ We can thus once more apply the above proba- 
bilistic argument [20^ Chapter III] (used in the justification of Theorem [5|) to prove (j4.9p and 
(liTOj) . □ 

5. Upper and lower limits 

Let us first of all note that we may assume in Theorem [1] without loss of generality that 
P C [0, 1]*^. Secondly, due to the symmetry of F{a) under any permutation of the coefficients 
Oi, we may assume that V C {x £ : < xi, . . . ,Xd-i < Xd}. Thirdly, it is sufficient to 
prove Theorem [1] for all bounded subsets of {x ^ : rj < xi, . . . ,Xd-i < Xd}, for any fixed 
T] > 0. This is due to the fact that for any bounded set V C [0, 1]*^ with boundary of measure 
zero. 

We will therefore assume in the remainder of this section that, in addition to the assumptions 
of Theorem [H 

(5.2) V C {x £R'^ :r] <xi,..., Xd-i < Xd < 1}, 

for arbitrary fixed rj > 0. 

The following is an immediate corollary of Theorem [3] (set T = e^°'~^-** and recall that 
Ws{Xa,M) = XWs{a,M) for any A > 0). 

Lemma 3. Let a G lA,^ n TV with V as in and^ < 5 <\. Then 



F{a) Ws{y',n^{a)D{T)) 



(ai---a,)V('^-i) (yi-- -2/^)1/(^-1) 



d 

< 



Ti/{d-i) 



rj 



(5.3) 
where y = T~^a. 

In view of this lemma, the plan is thus to apply Theorem [5] with the set 

(5.4) A = Ar = [{y,r'M''D{yd)-') ■.yGV,Me r\rH, ^'^^[\'!^~^^^^^^^^ > r}- 

In the following, let 

(5.5) M=(^ 
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where ^ e Go, 6 G M'^-i. Then 
and 

(5.7) (m + ^) *M-il)(y,)-i = ((m' + ^' - (m^ + ^d)?)) U-^yy^""^), (m^ + U)yl')- 

Assuming G (~^) f]) ^6 deduce that, for all < 6 < ^, the statement {'md+£,d)yd^ ^ 
imphes = since < < 1. Therefore, 

(5.8) 

Ws{cx, 'M-'D{yd)-') 

= supmin+{(m + O*M-iD(yrf)-i-(a,0) :mGZ^ {m + ^)%r^D{yd)-^ G Us} 

= yy^^"') sup min+ {{m' + ^' - ^b) 'A'^ • a : m' G Z'^-\ [m' + ^' - ^^5) 'A'^ G M^q^}. 
id&{-Syd,^yd) 



The substitution ^' i— )■ ^' + explains that the above supremum is independent of fa. So 

•Jd) 



(5 9) = y'd ™P {(^' + • « : m' G Z^-^, (m' + ^') ^^-^ G Eto'} 



where 
(5.10) 



V{a,A)= sup min+ {(n + C)^- a : n G (n + C)^ G M>o^} 

CgT^-i 

= sup min+ {{Z'^-^ + C)A D R^-q^) ■ a. 



Now set Q = y' = (yi, . . . , y^-i), and 

(5.11) Y = {yi--- yd-i)-^'^''-^^ diag(yi, . . . , y^^i) G Go, 
so that y' = (yi • • • yd-if/^'^'^'^ eY . Then 

(5.12) V{y\ ^) = (yi • • • y,_i)i/(^-i V(e, AY) 
and hence 

{yi---ydY'^'^ ^> 

Set 

(5.14) F(A) := y(e,^) = sup min{{Z^-^ + C)Ar\M.%^) ■ e. 
We conclude that 

(5.15) Ab = |(i/,r*M-iz)(yrf)-i) : {y,M) G p x r\ri/, y(U-iy) > R^. 

Lemma 4. y(^) is a continuous function on ro\Go. 

Proof. We have ^(7^) = V{A) for all 7 G To by the same argument as in (j2.19p . and hence 
V{A) is a function on ro\Go. It is sufficient to establish the continuity of V{A) on compact 
subsets of Go- Let us thus fix a compact set C C Go, and define 

(5.16) i^ = {C.4:CG [0,l]^-\ AgC}, 
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which is a compact subset of M'^"^. Then, for all A £ C 

o It! 
^>0 



(5.17) V{A) = sup min {{Z'^-^A + x) n ^'^"^^ 



where L is any set containing K. Clearly V{A) is bounded on C, i.e., there is > such that 
V{A) < R for all AgC. Thus 

(5.18) ^(^) = sup min 

where A is the simplex (|1.5p . For K' = K + [—l,l]e, 

(5.19) S = Z'^-i n y y {{RA - x)A-^) 

A£Cx£K' 

is a finite subset of Z^^^, and we have 

(5.20) V{A) = sup min {{mA + x)r\ M^^q^) • e 

for all ^4 S C. (The reason why we use K' rather than K in the definition of S will become 
clear below.) 

Fix e G (0, 1). Then there exists 6 > Q such that, for ah A, A' £ C with d{A,A') < 5, we 
have 

(5.21) \\mA - mA'W < e for all me S. 
Thus, for any m G S" we have 

(5.22) mA' + x-eee M>o^ implies mA + xe M>o\ 
and secondly 

{mA' + X — ee) • e = {mA' + x) ■ e — de 

(5.23) ^ 

> {mA + x)-e - {■\/d + d)e. 

Now choose x G K such that 

(5.24) min {{Z'^-^A + x) n M^g^) • e > V{A) - e. 
Then ([021) and (ICTIl yield 

(5.25) min {{mA' + x - ee) D M^q^) • e > V{A) - {l + ^/d + d)e. 

Since x — ee £ K' (because x £ K and < e < 1), the left hand side is at most V{A'). That 
is, V{A') > V{A) — (1 + Vd + d)e. We conclude by interchanging A and A' that 

(5.26) \V{A') -V{A)\<{l + Vd + d)e. 

for all A,A' with d{A, A') < 5. □ 
Since V{A) is continuous, we have for any e G {0,R], 

(5.27) ^ij+e C C :4ij C 
Define the function ^ff^ : M>o — ^ [0, 1] by 

(5.28) ^d{R) := fio{{A G ro\Go : V{A) > R}), 

which is non-increasing. Note that by the invariance of hq under the right Go-action and 
under A i— )• ^A~^, we have 

(5.29) ^d{R) =l^o{{Ae ro\Go : V{ 'A-'Y) > R}) . 

As to the right hand sides of (|4.9|) and (|4.1U|) . the above calculations show that for any 
e€{0,R], 

(5.30) u{A°ji) > vol(P) ^d{R + e) 



THE ASYMPTOTIC DISTRIBUTION OF FROBENIUS NUMBERS 



15 



and 

(5.31) iy{AR) <voliV)^diR-e). 

Thus, combining these inequahties with Theorem [8] and Lemma [3l we obtain the following. 
Lemma 5. Let R > 0. For any e G (0, R], 

(5.32) hmint i,#{a . Zi, n TV : > ^ ^ + 

(5.33) Lmjup l,#[a <,Zi,nTI> : . . > £ ^ " «)• 

With this lemma, the proof of Theorem[T]is complete if we can show that ^'^(-R) is continuous 
(since then the lim sup and lim inf must coincide) . This will be proved in Section [71 



6. Lattice free domains and covering radii 

We denote the standard basis vectors in M.'^^^ by ei = (1, 0, . . . , 0), . . . , Sd-i = (0, . . . , 0, 1). 
Consider the simplex ()1.5p and denote the face perpendicular to Cj by Aj {i = 1, . . . ,d — 1), 
and by the face perpendicular to e. 

Recall from the previous section: 

(6.1) V{A)= sup min((Z'^-^ + C)^nM^o^) -e. 

The following lemma states, that the simplex A, enlarged by a factor of V{A) and suitably 
translated, is a maximal lattice free domain; cf. also [16j. 

Lemma 6. // V{A) = R for some R > 0, then there is a vector ^ G M.'^^^ such that 

(i) Z'^-^A n {RA° + C) = 0; 

(ii) Z'^-^A n {RA° + C) 7^ /or a/H = 1, . . . , d. 

On the other hand, if (i) and (ii) hold for some i? > 0, ^ G M'^^^, then R < V(A). 

Proof. If Z'^'^A n (i?A° + C) 7^ ^OT all C) then V{A) < R, contradicting our assumption 
V{A) = R. Hence there exists C such that (i) holds. If Z'^^M n {RA° + ^) = for some i, 
then there exists a larger translate R'A° + (for some R' > R, C' K'^"^) which is lattice 
free, and hence V{A) > R' > R. This proves (ii), and the final statement is evident. □ 

Theorem 9. Denote by p{A) the covering radius of the simplex A with respect to the lattice 
Z'^-^A. Then 

(6.2) p{A) = V{A). 

Proof. (We adapt the argument of |16l Theorem 2].) Let V'(^) = R and assume Z'^^^A + 
RA ^ M'^-i. Then there is ^ G M'^"^ such that $ + v ^ RA ior all v G Z'^-'^A. Hence 
Z'^-^An{RA-^) = 0, and, by LemmaEl V{A) > R; a contradiction. This shows p{A) < V{A). 

On the other hand, again by Lemma El for any R' < R = V{A) there exists C, G R'^"^ such 
that Z'^~^A n (i?'A + ^) = 0, and hence no element of Z'^^^A is covered by the translates of 
R'A + C- This proves p{A) > R' and hence p{A) = V{A). □ 

7. Continuity of the limit distribution 
The following lemma shows that ^di^) is continuous. 
Lemma 7. For every R > 0, 

(7.1) poi{AeTo\Go:ViA) = R}) =0. 
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Proof. By Lemma [6] (ii) , the set {A £ Gq : V{A) = R} is a subset of 
(7.2) 

IJ {AeGo: there exists C G M"*"^ such that UiA D {RA° + ^) / (i = 1, . . . , d)} . 

ni,...,TidGZ'*-i 

We therefore need to show that each set in the above union has /iQ-measure zero. Since the 
sets -RA° are contained in the respective hyperplanes ei ■ y = (for i = 1, . . . , d — 1) and 
e ■ y = R (for i = d), it suffices to show that 

(7.3) {AG Go: there exists C = (Ci, • • • , Cd-i) G I^''""^ such that 

Si • rii^ = (« = 1, • • • , d - 1), e • UdA = R + e ■ C} 
has measure zero. Evidently ()7.3p equals 

(7.4) 1^ G Go : e • n^A = + ^ • rii^j = |^ g Go : tr(L^) = 
with the matrix 

/ Ud-ni 

(7.5) L = : 

\nd - Ud^i^ 

If L = the set ()7.4p is empty (since R > 0) and hence has measure zero. If L 7^ then 
the set ()7.4p is a submanifold of codimension one; note that the map Go — ?• K, ^ 1— )• tr(Lj4), 
has non-vanishing differential except at the (at most two) points A G Go for which LA is 
proportional to the identity matrix. Hence the set (j7.4p has measure zero also in this case and 
the proof is complete. □ 
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Appendix A. The distribution of sublattices 

Sections [3] and H] establish the equidistribution of Farey sequences embedded in large horo- 
spheres. These results provide an alternative perspective on Schmidt's work on the distribution 
of sublattices of Z*^ [IT]. In the present appendix, we will reformulate Theorems [7] and [8] in a 
form that clarifies the relationship between the two approaches. 

Let us fix a piecewise continuous map K : S^~^ — t- G of the unit sphere S^~^ such that 
yK{y) = (0, 1). By piecewise continuous we mean here: there is a partition of S^~^ by subsets 
Vi with boundary of Lebesgue measure zero, so that K restricted to Vi can be extended to a 
continuous map on the closure Vi. 

We extend the definition of to M'^ \ {0} — )■ G by setting 

(A.l) K{y)=K{y)D{\\y\\)-^ 

with D as in p.4ip and y := The extended map still satisfies yK{y) = (0, 1). 

As in Remark 13.31 we choose 7 G r such that 07 = (0,1). Then (0, l)7"^i^(a) = (0,1), 
which implies ^~^K{a) G H, and hence TK{a) G T\rH. 

Theorem 10. Fix a piecewise continuous embedding K : \ {0} G as defined above. Let 
P C M"* be bounded with boundary of Lebesgue measure zero, and f -.'D x T\TH — t- R bounded 
continuous. Then 

(A.2) hm i;^ Yl ^f^'^(«)l =7^ / f{y,M)dydf^H{M). 

T^ocT'^ ^ \T J C{d) Jvxr„\H 
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Proof. In view of the fact that T\TH is a closed embedded submanifold of T\G, it suffices to 
prove that, for / : D x T\G — )• M bounded continuous, 

(A.3) lim Yl =7^ /" f{y,M)dydf,H{M). 



We may assume without loss of generality that / has compact support (cf. Step of the proof 
of Theorem [6|), and that V C {x € M.'^ : r] < xi, . . . , x^-i < Xd} n M>o'Pi for some fixed r/ > 
and Vi as defined in the second paragraph of this appendix. 
If y G P, then > rj, and we may expand 

(A.4) K»)-'=(''(f> *f')M„ 

with Aly as in (|3.21|) . The maps A, b are continuous on Vi H IR>^, and hence bounded. A 
short calculation shows that 

^^'^^ ^ (id-i My)\\y\\-''^^''-'^^ (^A{y) t) 

Set 

(A.6) A-„(„)-' = (■^»> ^)m. 

Because ||a|| > ^/drjT., we have 



My 



My. 



(A.7) dCK{aY^, 'Ko{a)-^) < sup ||b(y)|| {VdT]T) 

yev 



-d/{d-i) 



where the supremum is finite by the continuity of b. Since / is uniformly continuous, it 
therefore suffices to establish (|A.3p with K{a)~^ replaced by KQ{a)~^. We now apply Theorem 
[7] with the test function 

(A.8) Uy,M)=f(^y,MD{y,)(^'^^y'^ ^) ) , 

which is bounded continuous on D x r\G (under the above assumptions on / and D). With 
this choice, 



(A.9) 



/o( ^,n^{a)D{T)] = f (^,n^{a)D{T)D{a,/T) ^ '^^^^ 



= /(|,*i^o(a)-^). 

As to the right hand side of (j4.ip . we have 

fo{y,MD{yd)) = fo{y, 'M-^D{yd)-^) 
(A.IO) =f(^y,'M-'D{y,r'D{y,)(^'^^y^ ^ 

^/(..M(-'f' -)). 

Eq. (jA.3p now follows from the right //-invariance of fin- D 

The following theorem is a corollary of Theorem [TU[ the proof is analogous to that of 
Theorem [51 
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Theorem 11. Fix a piecewise continuous embedding K : \ {0} G as defined above. Let 
T> <zW^ be bounded with boundary of Lebesgue measure zero, and A CD x r\rH. Then 

(A.n) liminf i#|a . : f ^.TKia)] . a] > <™' 



and 

(A.12) limsupi,#|aGZ^: ^4 < ^""'"^^^^^^ 



Let us now explain how the above statements are related to Schmidt's results on the dis- 
tribution of primitive sublattices [T7J . 

Two lattices A, A' C of rank m are called similar, if there is an invertible angle-preserving 
linear transformation R (that is, R E M>o 0{d)), such that A' = AR. 

Let us denote by Grm(IR'^) the Grassmannian of m-dimensional linear subspaces of M*^. The 
map 

(A.13) ^ Grd_i(M'^), a^a-^ — {xeM."^ ■.x-a = 0} 

gives a one-to-one correspondence between primitive lattice points and rational subspaces of 
dimension d — 1. A primitive sublattice of 'L'^ of rank d — 1 is defined as 

(A. 14) Aa = Z'^na-L, 

and hence there is a one-to-one correspondence between primitive lattice points and primitive 
sublattices of rank d — 1. The covolume of A^ equals ||a||. Note that 

(A.15) ^K{a)-^ = (0, 1)^ = M^^^ x {0}, 

with K{a) as in (jA.ip . Hence 

(A.16) Aa^K{a)'^ = Z'^'K{a)-^ D (R'^-^ x {0}) 

and 

(A.17) Aa^K{a)-^ = \\a\\-^/'''^-^^Aa^K{ay\ 

We now choose the above embedding K such that K{y) G SO{d); see e.g. [H, Section 4.2, 
footnote 3] for an explicit construction. The map 

(A.18) A„^ A'„ := A„*i^(a)-i 

maps primitive sublattices of Z*^ of rank d — 1 to lattices in M'^~^. Eq. (|A.17|) shows A^ and 
A^ are similar; it furthermore implies that A'^ has covolume one. 

In ^7} Schmidt proves that, as T — )• oo, the set {A^ : ||a|| < T} becomes uniformly 
distributed in the space of lattices of covolume one, ro\Go) with respect to the right Go- 
invariant measure /io- In particular, Theorem 3 in [T7] (adapted to the case of primitive 
lattices of rank d — 1) follows from our Theorem II 11 if we set 

(A.19) A=!.(y,r(j^ '^]] -.yeV, AeAo, beM'^-A cVxT\rH, 



where P C has boundary of Lebesgue measure zero, and C ro\Go is arbitrary. Theorem 
2 in pTj is obtained when D is taken to be the unit ball. 
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